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Abstract 
Herzog, H., N.V. Trung and B. Ulrich, On the multiplicity of blow-up rings of ideals generated 
by d-sequences, Journal of Pure and Applied Algebra 80 (1992) 273-297. 
We consider the Rees ring, the extended Rees ring and the associated graded ring of an ideal 
which is generated by a homogeneous d-sequence. We introduce on these rings certain fine 
filtrations which allow us to compute their multiplicity with respect to their unique graded 
maximal ideal. 
Introduction 
The main goal of this paper is to compute the multiplicity of the Rees ring 
R[Zft], the extended Rees ring R[Zt, t-‘1 and the associated graded ring gr,(R) of 
an ideal I generated by a homogeneous d-sequence X, , . . . , x,, of a homogeneous 
algebra R over a field k in regard to their respective unique maximal graded 
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ideals. Recall that a sequence x,, , x,, of R is called a d-sequence if 
(x,, . ,x,_,): x,x, =(x,, ,x,-,): x, 
for all i’j, j=l,..., n 191. (Usually one also requires that x,, . , x,, are 
minimal generators of the ideal (x,, . . x,,), but this is not essential in our 
context.) The theory of d-sequences has been developed by Huneke and it has 
been proved to be a useful notion [5, 6, 8, 121. 
In case all generators x, , . , x,, of I have the same degree, the Rees ring and 
the associated graded ring of I are both homogeneous, that is, they are iso- 
morphic to their associated graded rings with respect to their maximal graded 
ideals. In this situation, the multiplicity can be easily computed. We indicate the 
arguments for the Rees ring S = R[lt]: Let SA = @, _,, Z’t’. Then (0 : x,) n SL = 0 
because x,t, . . , x,,t is a d-sequence of S [5]. From this it easily follows that e(s) 
can be expressed in terms of e(S/(O : x,)) and of e(R). To compute e(S/(O : x,)) 
we may assume that x, is a non-zerodivisor in R. Then x, t is also a non- 
zerodivisor of S. Since (x, r) = (x, , x, f) n S', we can write e(s) = e(S/x ,rS) in 
terms of e(R) and e(S/(x,, x,t)), and since S/(x,, x,t) G Zi[Zr] with Z? = R/(x,) 
and Z= (x1.. . . , x,,)l?, the multiplicity of S can be computed by induction on n. 
In the general situation when not all elements x,, , x,, have the same 
degree, then gr,;(S)FS, ‘3i being the maximal graded ideal of S. It is not clear 
whether the initial form of x,t in gr\,;(S) is again a non-zerodivisor. Here we 
resort to a different technique which works as well for the extended Rees ring and 
the associated graded ring of I. We define a certain filtration % which is finer than 
the %-adic filtration of S and give an explicit presentation of the associated graded 
ring gr ,(S) of S with respect to 9. It is well known that many data and properties 
of gr,,(S) are inherited by gr,,,(S). So we only need to study the given presenta- 
tion of gr,,(S). 
The study of the Rees ring S via this finer filtration 9 is indeed the central 
theme of this paper. Basically we employ a kind of Grobner basis technique which 
is used so powerful in computer algebra. The only difference being that our 
filtration is not quite as fine as the one leading to Grobner bases, but fine enough 
to be appropriate to our situation. 
Unfortunately we have to impose the extra condition 
degx, i...(degx,, 
on the generators x,, . , x,, of I. It would be more natural to have these 
inequalities just reversed. For, if k is infinite we can always choose a generating 
d-sequence y, , . . , y,, of Z such that deg y, 2.. . 2 deg y,, Even if Z is generated 
by a regular sequence x, , . . , x,, (which remains so after any permutation of the 
elements), the multiplicity formula for the Rees ring S depends on the order of 
the degrees a, of x,: 
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e(S)=(l+u, +a,az+~~~+a, ...u,2_,)e(R) 
if a, 5 n, 5. . .S a,,. It should be noticed that in all homogeneous algebras R 
there exist homogeneous d-sequences X, , . . , x,, , n = dim R, which satisfy the 
condition deg x, 5 . . . zs deg x,, For instance, if X, @u for all associated prime 
ideals n#9? of (X ,,..., x,_,), j=l,..., 12 (i.e. xi ,..., x,, is a filter-regular 
sequence), then x4’, . . , xzpz is a d-sequence for sufficiently large numbers 
a, 5. . . I a, [6, 191. 
In connection with the object of this paper we would like to mention recent 
work of Verma [21] where the multiplicity of certain Rees rings is expressed in 
terms of mixed multiplicities. 
In Section 1 we introduce a fine filtration 5P on the Rees ring S and give an 
explicit presentation for gr,;(S). This presentation is then used to express the 
multiplicity of S in terms of the ideals 
I, =(x,, . 1 x,-,):x, , 
j=l,..., n, cf. Theorem 1.4. Moreover, we show that gr,,(S) is a Cohen- 
Macaulay ring provided grade I> 0 and depth R/I, = dim R - j + 1 for j = 
1, . , n, cf. Theorem 1.6. Note that these assumptions are satisfied for most of 
the well-known examples of d-sequences. In particular, this leads to an interesting 
new class of homogeneous reduced Cohen-Macaulay rings of minimal multiplici- 
ty, see Example 3.1. In Section 2 we apply the same techniques to derive similar 
results for the associated graded ring and the extended Rees ring of I, cf. 
Theorem 2.3 and Theorem 2.5. In Section 3 we give a list of examples which 
include ideals generated by regular sequences, parameter ideals of Buchsbaum 
rings, almost complete intersections of Gorenstein rings, ideals generated by 
linearly ordered sequences of elements of algebras with straightening laws such as 
perfect ideals of codimension 2 and Gorenstein ideals of codimension 3. 
1. A fine filtration on Rees rings 
Let R be a finitely generated homogeneous ring, that is, R = @,,. R, is a 
graded ring which is generated by finitely many l-forms over the ring R,,. We will 
also assume in this paper that R,, = k is an infinite field. 
We consider the Rees ring 
S = R[Zr] = 2 Z’r’ C R(t] 
of an ideal I generated by a homogeneous d-sequence x,, . , x,, of R. 
Let \3i denote the maximal graded ideal of S. Our first aim is to compute the 
multiplicity e(S) of the local ring S,;. To do this we may replace S by the 
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associated graded ring gr,;(S) = @,,,, !li’/‘%“‘. Let m denote the irrelevant 
maximal ideal of R. Put A := R[ T,, , T,,] and !r31= (nr, T,, . . , T,,). Then 
gr,;(S) can be represented as the factor ring of A by the ideal generated by the 
initial forms of the elements of J with respect to the !)3l-adic filtration of A. As it 
turns out the task is best accomplished by introducing a refinement 9 of the 
!)JI-adic filtration of A, and computing the ideal generated by the initial forms of 
the elements of J with respect to 9 instead. 
Let H denote the additive semigroup N”+‘. Then A = @,,,, A, is a H-graded 
ring, where A,, : = R,,,Ty’ . . . Tzf2 for h = (cx(,, . (Y,~). We order H as follows: 
(% . . 7 a,,) < (P,,? . . 1 6,) 
if the first non-zero component from the left side of 
is negative. Then < is a term order on H (the so-called degree lexicographical 
order), i.e. h < h’ implies h + g < h’ + g for all g E H. Set 
It is clear that 9 = (S,IIA),,EH is a filtration of A which is finer than the U-adic 
filtration on A. Indeed, YJ? = G,,!A with h, = (i, 0, . . , 0) for all i 2 0. 
We denote again by 3 the induced filtration on S. Then 2F,,S is the image of 
S,,A in S, and 9= (%,;,,S),,,,, is a refinement of the %-adic filtration on S. In 
particular, gr,;(S) inherits some properties from gr,$(S) such as dimension, 
multiplicity, Cohen-Macaulayness. Thus, we will compute gr,,(S) and prove the 
properties we are interested in for this ring. To do this we introduce the ideals 
f,:=(x I...., x,_,):x,, 
j=l,..., n. Note that by the property of d-sequences, I, C.. . C I,, is an 
increasing sequence of ideals of R. 
Lemma 1.1. Let x,, . . , x,, be a homogeneous d-sequence with deg x, 5 . . .S 
deg x,. Then gr:,(S) E R[T,, . . . , T,,]/(I, T,, . . . , I,,T,,). 
The proof of Lemma 1.1 follows from the following observations which will be 
also applied to study the associated graded ring and the extended Rees ring of I in 
the next section. 
As the YX-adic filtration is separated, the filtration 9 is separated as well, and 
we have 
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gr,,(S) r A/J, . 
where J, denotes the ideal generated by the initial forms of the elements of J with 
respect to 9. Recall that the inifial form f, of an element f = c ,,tH f,, fl, E A ,, , is 
the term S,, , where h’ = min{ h 1 f,, # O} with respect to the order <. 
To prove that .I, = (I, T, , . . ,I,, T,,) we consider the reverse lexicographical 
order of H: 
if the first non-zero component from the right side of (a,, - p,,, . . , a,, - p,,) is 
positive. Unlike < this term order does not induce a filtration on A. The order < 
is noetherian, that is, every non-decreasing sequence of elements of H with 
respect to -C becomes stationary. Let f* denote the initial form fl,,, of an element 
f = c,,, fh, h” = min{ h 1 f, # 0} with respect to the order -c. Note that f* = f, 
for all f in J which are linear in the variables T,, . . T T,, and weighted homoge- 
neous in the polynomial ring R[ T,, . . , T,,], and that (I, T,, . . , Z,, T,) is exactly 
the ideal generated by the initial forms of these elements of J. It is rather easy to 
compute the ideal J” generated by the elements f*, f E 1, and we shall see that 
.I,= J*. 
Lemma 1.2. Let R = @,__(, R, be a graded ring (not necessarily a homogeneous 
algebra over a field), and let x ], . . , x,, be homogeneous d-sequence of R. Then 
J*=(Z,T,,. . ,Z,,T,,). 
Proof. We induct on n, the claim being trivial for n = 1. Now assume that n > 1, 
and let f E J be a homogeneous polynomial in the variables T,, . . , T,, with 
homogeneous coefficients. Let r the degree off in T,, . Then, due to the fact that 
X ,,. , ., X,, is a d-sequence, one easily proves by induction on r that the coefficient 
of every term off divisible by T:l belongs to Z,, .
We now consider the initial form f* of f. If f * is divisible by T,,, then f* is 
divisible by T:, by the definition of the order -C and it follows that f :’ E I,, T,, . On 
the other hand, if f* is not divisible by T,,, then f E R[ T,, . . . , T,,_l]. Since 
f is still a relation of the d-sequence x,, . . , x,,_, , we have f * E 
(1, T, > . . . , l,,_ , T,,_, ) by the induction hypothesis. 0 
Now we can pass from J” to J, by the following result. 
Lemma 1.3. Let B be an N”-graded algebru over k and 9 an ideal of B. Let 9, and 
9 * be the ideals generated by the initiul forms f, and f” of the elements f E 9 with 
respect to two given term orders < and -C of IV. Suppose that every bounded 
non-decreasing sequence of elements of N’ with respect to -K becomes stationary, 
and that there exists a set 2 of generators of J such that 
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(i) f, = f* for all f E Z, 
(ii) 9 * is generated by the elements f *, f E Z; 
then 9, = $*. 
Proof. We only need to prove that 4, c 4 *. Let f be an arbitrary element of 4. If 
fl: = f”, there is nothing to prove. If f,: Zf’“, then deg f, < deg f*. By (ii) there 
exist elements g,, . . , g, of Z such that 
f” = h,fj’ 
+ . . . + h,g’; , 
where h,, . . . , h,, are FU’-homogeneous elements of B with deg h,gT = deg f*. Put 
g= h,g, +... + h,g,. Then g” =f”. As (g,), = gT by (i), we also have g, = g*. 
Now define f, = f- g. It is easily seen that (f,), = f, and deg f* 4 deg fT i 
deg f*. If (f,), f (f,)“~ we can find again an element f2 E JJ such that ( fl), = 
(f,), =f, and d eg f 7 < deg fT I deg f,. By the assumption on the term order <, 
the sequence 
deg f*ideg fT<deg fz<...idegf, 
cannot be infinite. Hence the above procedure must come to an end, i.e. fi: = f:,” 
for some j > 0, and we obtain f, E 9 “. 0 
Proof of Lemma 1.1. Let Z be the set of all linear forms of A = R[ T,, , T,,] 
vanishing at x, , . . , x,,. Since x, , , x,, is a d-sequence this set generates J; see 
(81. Due to the assumption deg x, 5 . . . 5 deg x,~ we have f’+ = f”” for all f E Z. 
Since the initial forms of the elements of Z generate the ideal (I, T, , . . . , I,, T,,) ~ 
we may apply Lemma 1.3, and obtain 
J,: = J:‘: = (I, T,. . . ) z,, T,,) 0 
Now we will apply Lemma 1. I to study properties of R(Zt]. 
Theorem 1.4. Let 1 be an ideal of R generated by a homogeneous d-sequence 
XI>.. 1 x,, with degx: s...sdegx,,. and 
r = max{ j 1 dim R/I, = dim R/Z, - j + l} , 
whereI,=(x ,,.... x,-,):x,-j=1 ,..., tl. Then 
2 e(RIZ,) if dim RIZ, = dim R , 
j=l 
e(R[ltl) = i e(R/Z,) + e(R) if dim R/Z, = dim R - 1 , 
,=I 
e(R) if dimRlZ,5dimR-2. 
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Proof. It suffices to compute the multiplicity of the graded ring gr,,(S) = A/J,. 
By Lemma 1.1 we have 
J, = (I, T, , . . I,, T,, > 
=,$I,> T,+,,. . ., T,,)n(T,, . 3 T,,) 
It is obvious that every associated prime ideal P of J, with dim A/P = dim A/J, 
is an associated prime ideal of one and only one of the ideals Q,, = (T, , . . . , T,,) 
and Q, = (I,, T,+ , , . , T,,). Therefore. 
e(A /J,) = c e(A/Q,) , 
by the associativity formula for multiplicities. We have A/Q,, G R, e(AIQ,) = 
e(R/I,) and dim A/Q, = dim R/I, + j for j = 1,. . . , n. Now we are going to 
estimate dim RII]. Since x,_ , is a non-zerodivisor modulo I,_, , we have 
dim R/l, sdim R/(Z,_,,x,_,) =dim R/Z,_, - 1. 
From this it follows that dim R/I, 5 dim R/Z, -j + 1 and hence 
dimA/Q,~dimA/Q,_,-i...5dimA/Q, =dimRiI, t1. 
In particular, equality holds if and only if 15 j 5 r. As a consequence, we get 
dim A/J, = max{dim R/I, + 1, dim R} , 
and the statement now follows immediately from the above associativity formula 
for multiplicities. q 
Corollary 1.5. Let I be as in Theorem 1.4 and set ai = deg x,, i = 1, . . , n. 
Suppose thut dim RI1 = dim R - n. Then 
Proof. The assumption dim R/f = dim R - n implies that 
dimR/(x ,,..., x,_,)=dimR-j+l, 
e(R/(x,, ,~,_,))=a, . ..a.-,e(R), 
forj= 1,. . , n. Note that I, = Uyt,,_, (x,, . . , x,_,) : I”’ [19, Theorem 1. l] is the 
intersection of all primary components of (x,, . , x, ~, ) whose associated prime 
ideals do not contain 1. Then Z, and (x,, . . . . x,_,) share the same primary 
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components with dimension = dim R - j + 1, and we have 
dim R/f, = dim R - j + 1 , e(R/Z,) = a, . . . a,_,e(R) . 
Hence the statement follows from Theorem 1.4. 0 
Theorem 1.6. Let I be an ideal of R generated by a homogeneous d-sequence 
Xl,. ‘. 7 x,, with deg xl 5 . . . 5 deg x,, . Suppose that grade I > 0 and 
depth RII, = dim R - j + 1 , 
for Z, = (x,, . . , x,_,) : x,, j = 1,. . . , n. Then gr,;(R[Zt]) is a Cohen-Macaufay 
ring. 
Proof. It suffices to show that A/J, with .Z, = (I, T,, . . . , Z,,T,) is a Cohen- 
Macaulay ring. From the proof of Theorem 1.4 we have 
dimR/Z,zdimR/Z,-j+l(dimR-j+l. 
Our assumption on depth R/Z, implies that R/Z, is a Cohen-Macaulay ring with 
dim R/Z, = dim R - j + 1. Since grade Z > 0, we have I, = 0. Therefore the case 
n = 1 is trivial because A/J, z R[ T,]. If y1> 1, we first observe that 
J,=(Z,T,,. . ,I ,,-, T,r-,, T,,)n(z,,). 
Using induction we may assume that A/(Z,T,, . . . , I,,-,T,,_, , T,,) is a Cohen- 
Macaulay ring with 
dim A/(Z,T,, . . , Z,,_,T,,_,,T,,)=dimR+l. 
As (z,T,,...,z ,,_, T ,,_, , T,,) + (I,,) = (I,,, T,,) and A/(Z,,) is a Cohen-Macaulay 
ring with dim A /(I,,) = dim R + 1, we deduce from the exact sequence 
O+ A/J.* A/(Z,T,, . . ,I,,_,T ,,_, > T,,)@A/(Z,,)-A/(Z,,, T,,)-,O 
that A/J, is a Cohen-Macaulay ring too. 0 
2. Associated graded rings and extended Rees rings 
As before let R = eizo R, be a graded ring which is generated by finitely many 
l-forms over the field k = R,,, and Z an ideal of R generated by a homogeneous 
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d-sequence x,, . . . , x, with 
deg x, 5 . . .S deg x,, . 
We will keep the notation of Section 1 and apply our methods to the associated 
graded ring 
G = gr,(R) = i I’lI’+’ 
,=I) 
and the extended Rees ring 
T= R[lt, t-‘1 = c I’t’C R[t, f-‘] 
IEL 
First we will deal with the associated graded ring G. It is well known that G has 
the presentation 
G= R[T,, . . . , T,,]i(l, I), 
where J is the defining ideal of the Rees ring R[ZT]. Let tt denote the maximal 
graded ideal of G. Then gr,,(G) is isomorphic to the factor ring of A = 
R[T,, . . , T,,] by the ideal generated by the initial forms of the elements of (I, 1) 
with respect to the !Ui-adic filtration of A, where !J = (m, T, , . . , T,,) and nt is 
the maximal graded ideal of R. We have seen in Section 1 that A is an H-graded 
ring, H = N”“, and that the filtration 9 of A induced from the order < on H is a 
refinement of the YV-adic filtration of A. Therefore, we will consider gr,*(G) 
instead of gr,,(G), where 9 denotes again the induced filtration of 9 on G. 
Let Z, = (x,, . . ,x,_,) :x,, j= 1,. . . , n. Then we have the following presenta- 
tion of gr,,(G). 
Lemma 2.1. gr,,(gr,(R))z R[T,, . , T,,]/(Z, f,T,, . . . , Z,,T,,). 
Proof. Put Q = (I, J). Let Q, denote the ideal generated by the initial forms f, 
of the elements fE Q with respect to the order <. We have to show that 
Q, = (I, I, T, , . , I,, T,,). By Lemma 1.3, it suffices to show that Q* = 
(I, 1, T,, . , I,, T,,) for the ideal Q* generated by the initial forms f” of the 
elements f E Q with respect to the order < introduced in Section 1. Let f be an 
arbitrary element of Q. We may assume that f is a homogeneous polynomial of 
degree Y in the variables T,, . . . , T,, having homogeneous coefficients. If r = 0, 
we have SE (I) and hence f* E I. If r > 0, we consider the homomorphism from 
A to (RII)[T,, . . . , T,,] given by the canonical map R- RII and T,+ f,. Let f 
be the image of f in (R/Z)[T,, . , T,,]. Then f is a relation of the images 
_ 
x,, . . . . x,, of X, , . , x,, in Z/I’ C G which form a d-sequence of G by [ 11, 
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Theorem 1.21. We may assume that the coefficient of f’” is not contained - - 
in I. Then (J*)=(J”)E(I,T,,. , I,,T,,) by Lemma 1.2, where 4 = 
(X,, . . . , i,_,) : i,. 
Since the coefficients off are or degree zero in G and 
[I,],, = (x,, . . , Xi_,, I’) : x,/I = (I, + I)/I 
[12, Theorem 2.11, we deduce that f” E (I, I, T,, . . , I,,T,,). q 
Now we will use the above presentation of gr,,(G) to study G. In order to 
simplify the arguments we impose some conditions on the ideal I. We shall see in 
the next section that most of the well-known d-sequences satisfy these conditions. 
Lemma 2.2. Suppose that grade I = g > 0, depth R/I = dim R - g, and depth RI 
I, = dim R - j + 1, j = 1,. . , n. Then R/I, and R/(1 + I,) ure Cohen-Macaulay 
rings with dim R/I, = dim R - j + 1 and dim R/(I + I,) = dim R - max{ j, g}, j = 
1,. . , n. 
Proof. The case R/I, has been already handled in the proof of Theorem 1.6. For 
R/(I + I,) we first notice that 
X 
I”. ’ 
x,, being a d-sequence in R/I, (I,,+, = R). There we have the exact 
sequence 
O+ R/(I,, x,)+ R/(I + I,)@R/I,_, + R/(I + I,+,)+O. 
Now assume that j < n. Since x, is a non-zerodivisor module I,, R/(I,, x,) is a 
Cohen-Macaulay ring with 
dim Rl(I,, x,) = dim R/I, - 1 
= dim R - j = dim R/I,+, 
Further, using induction we may assume that R(I + I,) is a Cohen-Macaulay ring 
with dim R/(I + I,) = dim R - max{ j, g}, the case R/(Z + I,) being the trivial 
because of the assumptions g > 0 (hence I, = 0) and depth R/I = dim R - g. Since 
dim R/(I+ I,+,)sdim R/(l,+,,x,+,)<dim R/(l,,x,), 
we deduce from the above exact sequence that R/(I + I, ~ ,) is a Cohen-Macaulay 
ringwithdimR/(I+I,+,)=dimR-max{j+l,g}. Cl 
Theorem 2.3. Let I be an ideal of R generated by a homogeneous d-sequence with 
a, 5. . * 5 a,,, a, = deg x,. Suppose that grade I = g > 0, depth RII = dim R - g, 
and 
depthRiZ,=dimR-j+l, 
where Z,=(x,, . . ,x,-,):x,, j=l.. . . ,n. Then 
(i) e(gr,(R)) = i e(Rl(1 + I,)) = a, . . a,e(R) + 2 (a, - I)e(R/Z,) , 
1=x ,=g+, 
(ii) gr,,(gr,(R)) is n Cohen-Macaulay ring. 
Proof. We only need to consider the ring gr,/(G) = A/Q,: with 
Q:,=(I,I,T,,...,l,,T,,) 
=ii(f+l,.T,+ ,..., T,,). , = s 
For j 5 g we have I, C I. For j = g, . . , n. we have 
dimA/(f+Z,,T,+ ,,..., T,,)=dimR/(l+I,)+j 
= dim R - max{ j, g} + j = dim R 
by Lemma 2.2, and 
e(Al(I + Z,, T]+,, . . , T,,)) = e(R/(Z + I,)) 
=a,e(R/l,)- e(Ril,+,) (I,,., =R), 
where the latter equality follows from the relation (I + I,) f’ I,,, = (II. x,) and the 
fact that these ideals have the same dimension dim R -j <dim R/(t + Z,,,). 
Since dim A/Q, = dim R, we obtain (i) from the above decomposition of Q,: and 
the associativity formula for multiplicities. The proof for (ii) is similar to the 
proof of Theorem 1.6, where the Cohen-Macaulayness of R/(1 + I,) follows from 
Lemma 2.2. 0 
The proof of the theorem shows that (i) holds exactly when dim R/f + f, = 
dim R-j forj=g.. . , n. Our stronger hypotheses guarantee these conditions 
but also imply (ii). A similar comment applies to Theorem 2.5 below. 
The study on the extended Rees ring T = R[It, t--‘] is based on the following 
presentation 
T= R[T,. . . , T,,, I/]/(x, - UT,, . . ,x,, - UT,,, J). 
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Put Jll=(nr,T I’..., T,, U) and 4 = (J,x, - UT,, . . ,x,, - UT,,). Let M be 
the maximal ideal A!/$ of T. Then gr,( T) is isomorphic to the factor ring of 
B=R[T,,..., T,,, U] by the ideal generated by the initial forms of the elements 
of 4 with respect to the A-adic filtration of B. To study grM(T) we introduce a 
refinement 9 of the A-adic filtration of B. 
First we note that B = $,,Ek,,+~ B,, with Blz = R TT’ . . TE1lU”tl+’ for h = 
(%r . ” 1 a,,+1 ) is a k4”“-graded ring. We order N”“as follows: 
(%3 . 3 %+I)<(/%, . . > PI,+,) 
if the first non-zero component from the left side of 
is negative. Note that < is a term order on N’212. Set 
Then 9 = (~,,B),,,,,,+_ 3 is a filtration of B which is finer than the ,H-adic filtration. 
Indeed, we have .A’ = FF,!,B with h, = (i, 0, . . , 0) for all i 2 0. 
Let 4 denote again the induced filtration of .9 on T. Then 9 is also a 
refinement of the M-adic filtration of T. 
Lemma 2.4. Let I be the largest integer for which deg x, = 1 (I= 0 if deg xi > 1 for 
all i). Then 
gr,,(R[lt, tC'1) 
= R[T,,. . , T,,, U]i 
(x,5.. 3x,, UT,,,, . , UT,,,I,T,,. . , I,,T,,). 
Proof. Let 9, denote the ideal generated by the initial forms f, of the elements 
f E 9 with respect to the order <. We have to show that 
$a,: = (x,, . . x,, UT,+,, . , UT,,, Z,T,, . 3 I,, T,, > . 
For this we introduce another term order on kJ”+‘: 
(%3. . 3 a,,+1 )<(P,,?. . . 3 I%+,) 
if the first non-zero component from the right side of 
! “(I - PC,? . . ) a,, 
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is positive. It is easily seen that every bounded non-decreasing sequence of 
elements of lVm+2 with respect to i becomes stationary. Let 9* denote the ideal 
generated by the initial forms f* of the elements f E 4 with respect to this order. 
It is easy to check that f” = f, for f = X, - UT,, . . , x,, - UT,, and all f E .Z 
which are linear in the variables T,, . , T,, and weighted homogeneous in the 
polynomial ring R[ T,, . . . , T,,], and that the ideal of B generated by the initial 
forms of these elements is exactly the ideal (x,, . . . , x,, UT,+, , . . , UT,, 
Z, T, , . . . , Z,T,,). Therefore, by Lemma 1.3, it suffices to show that 
9*=(x,,. . ,x,, UT,+,, . . , UT,,,I,T,,. . . ,Z,,T,,). 
Let f be an arbitrary element of 9 with homogeneous coefficients, and let r be 
the exponent of U in f*. If f has a term f,, divisible by T,U’+’ for some i 2 I + 1, 
we replace f by the element g = f - fl, + x, fl, E $J, where f;, is the factor of fl, by 
T, U ( fh = T, Uf I,). It is clear that deg f * i deg f,, -C deg x, f ;,. From this it follows 
that g” = f *. Repeating this procedure if necessary we may assume that every 
term fl, off divisible by 17”’ belongs to R[ T,, . . , T,]. Set 
j = max{ i 1 T, is a factor off “‘} , 
where j = 0 if no T, is a factor off *. 
If j 2 1 + 1, we may further assume that Y = 0. Otherwise we have f * E (UT,) 
and there is nothing to prove. By this assumption, deg f * < deg e” for any 
element e E R[ T,, . . , T,, U]. If f has a term f,, divisible by UT, for some i 5 I, 
we again replace f by the element g = f - fj, + x, f I,. Since fi, E R[ T,, . , T,, U], 
we have fj,ER[T,,..., T,, U] and therefore deg f * < deg x;J’;, This implies 
g* = f*. Repeating this procedure if necessary we may assume that f E 
R[T,, . . . > T,,l or equivalently f E J. Note that i induces on the first n + 1 
components of NJ,‘+’ the order < introduced in Section 1. Then f’ E 
(I, T, , , . , I,, T,,) by Lemma 1.2. 
If j i I, we see from the definition of < that every term f,, off is divisible by U’. 
In this case, we may assume that 
where i. are homogeneous polynomials of R[ T,, . , T,] of degrees d + i with 
homogeneous coefficients, i = I, . . , m, for some fixed integers m 2 r and d 10. 
In particular, f * = f T U’. Since the polynomial f, + . . . + J,, vanishes at x,, , x,, 
we have f,(x,, . . , x,) E (x,, . , x,)~+~*‘. From this it follows that f, belongs 
to the defining ideal in R[ T,, . . . , T,] of the associated graded ring of the ideal 
of R generated by the d-sequence x,, , x,. Therefore, fl E (x,, . , x,, 
1, T, > . . . , Z,T,) by the proof of Lemma 2.1. 0 
Theorem 2.5. Let Z be an ideal of R generated by a homogeneous d-sequence with 
a, 5. . . 5 a,,, ai = deg x,. Suppose that grade Z = g > 0, depth RIZ = dim R - g, 
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depth Rll, = dim R - j + 1 , 
whereZ,=(x ,,..., x,_,):x,,j-l,..., n.Then 
(i) e(R[lt, tm ‘I) = e(R) + EYE,+, e(RlI,), where 1 is the largest integer for which 
degx,=l (l=Oifalla,>l). 
(4 gr,%,(R[It, tm’I) 1s a Cohen-Macaulay ring if 15 g or I= n. 
Proof. It suffices to consider the ring gr,+(T) = B/4:, with 
~a,:=(x,,...,x/,UT,+,, . . . . UT,,,I,T,,...,I,,T,,) 
=(x,3.. . >x/, T,,. . , T,,)nn<x,,. . . ,x,J,, T,+,, . , T,,) 
, -: / 
n n <I,, u, T,Tp.. 3 T,,) 
,I/+ I 
(I,, = 0), where the latter equality follows from the fact that I, = (x,, . , x,_ ,) for 
j 5 g. By Lemma 2.2 we have dim R/Z, = dim R - j + 1 for all j = 1, . , n and 
dim R/(1,, x,) = dim R/(1 + f,) = dim R - j for j 2 s. Since moreover (I,, x,) c 
(x,, . . , x,,Z,)~I+I,forj<l, we have 
dim R/(x,, . . , x,,I,)=dimR-j, 
whenever min{ 1, g} 5 j 5 1. From this it follows that all the ideals appearing in 
the last decomposition of .9 ” have the same dimension, and no two of them have 
any prime ideal of this dimension in common. Further, from the relation 
(x,3 . . ? Xi),, = I,, for all prime ideals n of R with dim R/k, = dim R/(l+ I,), we 
see that 
e(R/(x,. , x,, I,)) = e(Ri(Z + I,)) 
= e(RIZ,) - e(R/l,+,) , 
for gzj<l. For j=l we have 
e(Ri(x,, , x,, I,)) = e(Ri(l,, x,)) = e(R/l,) 
Now using the associativity formula for multiplicities we easily obtain 
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e(B/.9*) = i e(R/(x,, . . ,x,, Z,)) + i e(RIZ,) 
/=mln{~./) j=/+l 
= e(R) + i e(RiI,) 
I=/+ I 
The proof for the Cohen-Macaulayness of B/4 is based on Lemma 2.2 and 
follows the arguments of the proof of Theorem 1.6. Hence we omit it. 0 
Remark 2.6. The method of proving Theorem 2.5 or Theorem 1.4 leaves us some 
room to define the orders < and <. We only have to ensure the following points: 
(1) The order < induces a filtration which is finer than the A-adic filtration of 
B. 
(2) Every bounded non-decreasing sequence of elements of elements of Nrr+’ 
with respect to the order i becomes stationary. 
(3) Both orders yield the same initial forms for the generators of 9. 
Of course, the ideal 4, may look different if we change the orders. For 
instance, we may define < and < as follows: 
if the first non-zero component from the left of 
is negative, and 
(Q,,> . 3 %+I )<(A?. ‘. 1 Lc,l) 
if the first non-zero component from the right of 
is positive, where m is the largest integer for which deg x,,, 5 2, and m = 0 if 
deg x, > 2 for all i = 1, , n. 
With these definitions of < and < one shows as above that 
and 
4:s = (x, 3 . . , x,,, UT,,,, , , . . , UT,,, I, T,. . , I,, T,,) 
111 
e(R[lt, [-‘I) = a, . . . q,,ln~,~.,,zl e(R) + c (a, - 1) + i e(R/l,) 
l-S+l ,=,,r+ I 
288 J. Herzog et ul 
under the assumptions of Theorem 2.5. The different formulas for e(R[Zt, t-‘1) 
actually yield the same value (as it should be). However, from the above form of 
9, one obtains a slight improvement of statement (ii) of Theorem 2.5: 
Corollary 2.7. Under the assumptions of Theorem 2.5, gr,(R[It, t-‘1) is a Cohen- 
Macaulay ring if m = n, where m is the largest integer for which deg x,, 9 2, and 
m = 0 if deg x, > 2 for all i. 0 
Using the presentations of the associated graded rings of G = gr,(R) and 
T = R[Zt, tt’] with respect to the filtration 9 one can also derive multiplicity 
formulas for other situations than the ones of Theorem 2.3 and Theorem 2.5. We 
present here a case where the multiplicity of G and T can be computed explicitly 
in terms of the degrees of the elements x,, . . , x,, and e(R). 
Corollary 2.8. Let I be an ideal of R generated by a homogeneous d-sequence 
Xl, . . 1 x,, with a,<...sa,,, a, = deg x,. Suppose that dim RII = dim R - n. 
Then 
(i) e(gr,(R)) = a, . . . a,14R), 
(ii) e(R[lt, tt’]) = (1 + c;I: a, . . a,)e(R), where 1 is the largest integer for 
which a, = 1 (I= 0 and if all a, > 2). 
Proof. As in the proof of Theorem 2.3 and Theorem 2.5 we need to know which 
components of the defining ideals Q* and 4’ of gr,+(G) and gr,F( T) contribute to 
the multiplicity of A/Q* and Bi.9 *. For Q” we use the decomposition 
From the proof of Corollary 1.5 we see that dim R/(1+ I,) = dim R/I = 
dim R - n. Hence 
dimAl(I+Z,,T,+ ,,..., T,,)=dimR-n+j 
<dim R=dimA/Q” 
if and only if j < n. From this it follows that 
e(A/Q*) = e(R/(l+ I,,)) = e(Ri(l,,, x,,)) 
= a,!e(R/Zn) = a, . . . a,,e(R) . 
Note that e(R/Z,) = a, . . . a,_,e(R) for j = 1, . , n by the proof of Corollary 1.5. 
Similarly, from the decomposition 
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we deduce that 
e(Bi.JJ*) = e(R/(Z,, x,)) + i e(R/Z,) 
,‘/A1 
= i 1+ i a,...t2_,je(R) ,=/+ I 
t 
II- I 




Remark. In the situation of Theorem 2.5 and Corollary 2.7 we have e(gr,(R)) = 
e(R[Zt, t-‘1) if deg X, 5 2 for all i. In general, e(gr,(R)) # e(R[Zt, t-‘1). 
This means that tC’ . IS not always a superficial element of R[Zt, tC’] although 
gr,(R) T R[Zt, t-‘]l(fC’) and t-’ is even a non-zerodivisor of R[Zt, t-‘I. The same 
phenomenon occurs in the situation of Corollary 2.6 where e(gr,(R)) = 
e(R[Zt, tC’]> if and only if f = n. On the other hand, if I= 0, then e(R[Zt, t-‘1) = 
1 + e(R[Zt]) under the assumptions of Theorem 2.5 or Corollary 2.6. Finally, if 
_ . . . = a = a in the situation of Corollary 1.5 or Theorem 1.6, then 
z;gr,(R)) =:(R) + (a - l)e(R[Zt]). 
3. Examples 
In this section we will consider the following families of examples: regular 
sequences (they are the simplest examples of d-sequences), systems of parameters 
of graded Buchsbaum rings, almost complete intersections, and d-sequences 
arising as certain poset ideals in graded algebras with straightening law. 
As before R will be a homogeneous algebra generated by elements of degree 
one over a field k. 
Example 3.1. Regular sequences. Let Z be generated by an R-sequence x, , . . , x,, 
of homogeneous elements with deg X, = a,, a, 5 az 5 * . . 5 a,, Then Corollary 1.5 
and Corollary 2.7 immediately yield the following multiplicity formulas: 
e(R[Zt]) = (1 + n, + alal + . . . + u,u2.. . a,,_,)e(R) , 
e@-,(R)) = a, . . v(R) , 
i 
,1 - 1 
e(R[Zt, tC’1) = 1 + c a, . . a, e(R) , 
r=l i 
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where 1 is the largest integer for which a, 5 2 (1= 0 and a, . . a, = I if all a, > 2). 
To compute the multiplicity of gr,(R) is not exciting: gr,(R) is just a polynomial 
ring over R/l. By Theorem 1.6, Theorem 2.3. and Theorem 2.5 we also know 
that the associated graded rings of these rings with respect to their maximal 
graded ideals are Cohen-Macaulay if R is Cohen-Macaulay. 
In particular, if R = k[X,, . . , X,,] is a polynomial ring and x, = X“l, then 
S = R[lt] = k(X,, . . X,,, T,. . . , T,,]/Z,(A), where 
In the special case when a, = a for all i we may use the Eagon-Northcott complex 
to compute e(s), see e.g. [2, 2C]. Comparing the resulting formula with the above 
formula for e(s) yields the following numerical identity 
‘~‘n’_(_l),“~(_l)~~i:‘*)~ p+w-i+y 
r-0 I =o ,=(I 
Now we will present gr,,(R[ Ir]) as a specialization of a more generic ring. Let 
B = R[ T,, . . , T,, , Y,, . . , Y,,] /Z(b,. . , b,,,), where 0 = b, < b, < . . . < b,,, = 
n, and Z(b,, . , b,,,) is the ideal generated by the 2-minors of the matrix 
i 
T ,,,7, ‘.’ T /I,+ I
Y /,,*I .” Y ‘1,. I 1 
fori=l,.. . , m - 1, and the monomials Y,TL for all j and k satisfying j 5 b, < k 
for some b,. In addition set a,, = 0 and a,,,, = a,, + 1. If we choose the b, as the 
‘jumps’ in the sequence a,,, , a,,, , , that is, b, = 0 and b,, , = min{ i ( i > b,, 
U ,‘I - a, > O}. we have 
gr,,(S)= BI(Y, -XI,. . . , Y,, -x,,)R 1 
and Y, - x,, . . , Y,, - x, is a B-sequence. Notice that B is a Cohen-Macaulay 
ring if R is a Cohen-Macaulay ring. Furthermore, B is reduced if R is reduced, 
and has minimal multiplicity if R if a polynomial ring. 
Example 3.2. Systems of parameters of Buchsbuum rings. Let R be a graded 
Buchsbaum ring and 1 an ideal of R generated by a subsequence x, , . , s,, of a 
homogeneous system of parameters of R with deg x, = a,. It is well known that 
x,, . x,, is a d-sequence [12, Proposition 1.71. So we can arrange x,, , x,, so 
that a, 5.. . 5 a,,. Again by Corollary 1.5 and Corollary 2.7 we have 
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e&r,(R)) = a, . . a,e(R) , 
e(R(Zt, t-‘1) = (1 + ” a, . . . a,je(R) , 
,=I 
where 1 is the largest integer for which a, 5 2 (I = 0 and a, . . . a, = 1 if all a, > 2). 
Example 3.3. Almost complete intersections. Let R be a Gorenstein ring and 
Z=(x,,..., x,,) a homogeneous almost complete intersection of R of height 
n - 1 > 0 which satisfies the following conditions: 
(i) I,, . . ,x,_, is a regular sequence, 
(ii) a, 5 . . . % a,,, a, = deg x,, 
(iii) R/Z is Cohen-Macaulay, 
(iv) ZR,, = (x,, . , x n_,)u for all minimal prime ideals p of I. 
By our assumptions, X, , . . , x,,_, is a regular sequence of R. Without changing 
deg x,, we may add a suitable homogenous linear combination of X, , . . , x,,_, to 
x,, in order to assume that x,, . , x,, form a d-sequence [12, Example 1.41. 
Furthermore, I,, is linked to I. Hence the assumptions of all results of the 
preceding sections are satisfied. Note that e(R/Z,) = a, .. u,_,e(R) for j= 
l,.... n-l and e(R/Z,,)=a;..u,,-, e(R) - e(R/Z) because I,, f? I= (x,, . , 
x,,_ , ). Then we obtain 
e(R[Zt]) = (1 + a, + u,u2 + . . . + a, . . a,,_ ,)e(R) - e(R/Z) , 
&r,(R)) = a, . . a,,e(R) - (a,, - l)e(RiO , 
II- I 
e(R[Zt, tC’1) = i’ 1+ 2 a,.‘. a, i e(R) - e(R/Z) if IS n - 1 , ,=/ 
iff-n. 
where 1 is the largest integer for which a, = 1 (I = 0 if all a, > 1). Moreover, the 
associated graded rings of these rings with respect to their maximal graded ideals 
are Cohen-Macaulay rings. 
Example 3.4. Linearly ordered sequences of elements in ulgebras with straightening 
law. For the theory of algebras with straightening law (ordinal Hodge algebras) 
we refer the reader to [2] or [3]. Let R be a graded algebra with straightening law 
over a field k on a poset H and R C H a poset ideal whose elements are linearly 
ordered: 
Then .$,, . . , (,, is a d-sequence [l], and 
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for j=l,...,n, where ZE is the ideal of R generated by the poset ideal 
{ 5 E H ( 5 y?‘[,} of H cogenerated by tj. Moreover, if H is a wonderful poset, 
then R/Z, is Cohen-Macaulay of dimension dim R - j + 1. Assume in addition 
that ’ 
deg 5, 5 deg 5,~ . . .s deg 6, 3 
and set as before I = 0 R. S = R[Zt]. Then 
e(S) = 2 e(R/l,() 
,=I 
by Theorem 1.4, and gr,,(S) is Cohen-Macaulay by Theorem 1.6. Similarly the 
multiplicity formulas for the associated graded ring and the extended Rees ring of 
I in Theorem 2.3 and Theorem 2.5 can be translated. 
We conclude this section with two special cases of Example 3.4. 
Example 3.5. Perfect ideals of codimension 2. Let Z C R = k[ Y,, . . . , I’,] be a 
perfect homogeneous ideal of height 2. Then RI1 has the homogenous resolution 
and so cp can be described by an m by m + 1 matrix (f,,) of homogeneous 
elements with cy,, = deg J, = b, - a,, whenever h, # 0. By the Hilbert-Burch 
theorem, the ideal Z is generated by the maximal minors x,. . . , x,,,, , of (fi,), 
and we may assume that deg x, 5 . . . 5 deg .Y,,,+ , and that b, 5 . . . 5 b,,, . It is well 
known that x,, . . , x,,,+, is a d-sequence (see [12, Proposition 1 .l]), provided 
that Z,(q), the ideal generated by all the t minors of cp, has height (m - t + 
l)(m - t + 2) for t = 1, . , m - 1. Moreover, Z, = (x,, . , xl_,) : x, is the ideal 
generated by the maximal minors of the matrix of the first m - j + 2 columns of 
the matrix of cp. It follows from [7, Corollary 6.51 that 
e(R/I,) = c a;,,,,,a;,,l/, “‘%,1+,+3,+?’ 
I:,,,” ‘,, ,?-rnF!-Z 
Hence using Theorem 1.4, Theorem 2.3 and Theorem 2.5 one can compute the 
multiplicity of the Rees ring, the associated graded ring and the extended Rees 
ring of I explicitly in terms of the numbers (Y,,. 
Now we will deal with the generic case of perfect ideals of codimension 2. Let 
X=(X,,), i=l,..., m, j=l,..., m + 1, be a matrix of indeterminates, and 
I = Z,,,(X) the ideal of R = k[X] generated by the elements t,, . . , t,,,+, of X, 
where 5, denotes the maximal minor of X obtained by deleting the column 
m-j+2. Then t,<...<<,,,+, and Z=(<,,. . , .$,,,&,) is a poset ideal in the 
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wonderful poset of all minors of X (2, 5D]. In this case, [,, . , t,,+, is a 
d-sequence, and Ic, is generated by the maximal minors of the matrix of the first 
m -j + 2 columns of X (It, = 0). By [7, Theorem 3.51 we have e(R/l,() = 
( ,,, _“1+, ). Note that grade I = 2. From Theorem 1.4, Theorem 2.3, and Theorem 
2.5, or simply from Theorem 1.4 and the remark at the end of Section 2 we obtain 
e(R[ It]) = ‘5’ ( m _“f + 1 j = 2”’ , 
1-I 
47,(R)) = 2 + C ( ,i’ )I’-~)jm~+li=l+(‘“-1)2”‘, 
e(R[Zt. t-‘1) = 1 + “2’ (m -7 + 1 j = 1 + 2”’ . 
/=1 
Note that the first of these formulas can be obtained directly from the fact that 
the defining ideal of R[t] is generated by a regular sequence of length m whose 
elements are quadrics. 
lf one uses the formula e(gr,(R)) = cy=:‘,’ e(R/(l+ I,)) of Theorem 2.3. one 
obtains a completely different expression for e(gr,(R)). Consider the (m - 1) x m 
binomial matrix V= (.sk,). sA, = (““T?,?;i+ ’ ). L e u, denote the Ith column of V, t 
I=l,..., m. According to [7, Theorem 3.51, we have 
e(Rl(/ + I,)) = det(u,, . . . , Ij,,,-,+2, . . . , u,,,) 
Hence Theorem 2.3 yields 
e(gr,(R)) = c det(u,, . . , C,, . , v,,,) 
/=I 
= det(u, + u,, uz + uj, . . , u,,,_~ + u,,,) 
= det 
2m-k-l 
m-l k./=l. .,,,-I 
There is another way of computing e(gr,(R)): the defining ideal J of gr,(R) is 
generated by the maximal minors of the matrix (X,,), i = 1, . . , m, j = 
l,..., m + 1 together with the linear forms X,, T, + X,?T, + . . . + X,,,,, , T,,,+l. 
i=l,..., m. The resolution of this ideal is given in [4]. Thus we could use this 
resolution to compute the multiplicity of gr,(R). But this would yield an even 
more complicated formula for the multiplicity than the above determinantal 
expression, cf. Example 3.1. Instead we will use the fact, first observed by 
Huneke (10, Example 2.31, that J is doubly linked to a complete intersection: 
J=(x,): J,, J, = (x,) : J,, > 
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where .I,, is a complete intersection generated by m + 1 linear forms, x, is a 
regular sequence consisting of one linear form and of m quadratic forms, and x1 is 
a regular sequence consisting of m quadratic forms and one form of degree m. 
The multiplicity under linkage is easily controlled: suppose K, and K2 are 
homogeneous perfect ideals in the polynomial ring R, and Kz is linked via the 
homogeneous regular sequence x = x,, . , x,,,. Then 
e(R/K,) = fi deg x, - e(RIK,) . 
,=I 
(One proves this formula by reduction to dimension zero, and counting of 
lengths.) Applied to our situation it follows that e(gr,(R)) = 1 + (m - 1)2”‘. 
Example 3.6. Generic Gorenstein ideals of codimension 3. Consider the ideal 
generated by the maximal Pfaffians [,, . . , t2,,! + , of a skew-symmetric matrix X 
in the indeterminates X,,,, 1 5 v < p 5 2m + 1. The set of all Pfaffians of X is a 
poset H, and R = { 5,, . , 52,,,+, } is a linearly ordered poset ideal in H, and thus 
we may apply Theorem 2.3 in order to compute the multiplicity of the Rees ring 
and the associated graded ring of I = RR, here R = k[X]. In order to do this we 
are going to prove a general formula for the multiplicity of R/f, . 
/ 
Theorem 3.7. If, with the above notation, j~3, then 
Proof. Let S = k[ { X,,p 1 I 5 v 5 2m + 2 - j, v < p 5 2m + l}], and consider the 
projection IT : R-+ S sending XL,@ to zero whenever v > 2m + 2 - j. Under II, the 
matrix X is mapped to a matrix of the form 
where 0 has size j - 1 by j - 1. Since I, = ({ 5 E H 1 <jz’(,}) (cf. Example 3.4 or 
[9, Proof of Theorem 3.2]), it follows that 11(1,) = 1, where J is the S-ideal 
generated by all Pfaftians of the above matrix 11(x’), that fix the block X’. Ideals 
of this type however where studied in [16] and [17]. In particular we know that 
grade J = j - 1 [17, Theorem 7.31. Since on the other hand, I,, is a perfect R-ideal 
of the same grade j - 1 (Example 3.4 or [13, Theorem 3.1]), we conclude that 
Ker II is generated by linear forms which are a regular sequence on Ril,,. 
Therefore, 
e(R/l,J = e(S/J) , 
and it suffices to compute e(S/J). For this we have to consider two cases. 
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Case 1: j even. We define 1= m + 1 -j/2 and s = j - 1. By [17, Theorem 7.31, 
S/J is a Cohen-Macaulay ring having a homogeneous minimal S-resolution of the 
form 
O+F,-+.. _ .+F,+F,+S+O, 
where F, = @I=,, S(-l- i)‘?“’ and Fk = S(-21- k + 1)“” for 2 5 k 5 s. Let ‘-’ 
denote reduction module an S-ideal generated by linear forms whose images in 
S/J form a system of parameters; then 3 = k[ Y,, . . , I’,]. We will write T, = 
S/( Y, ) . , Y\)“? 
- - 
From the above resolution we see that (S/J), = 0 whenever 
i 2 21, and that there are no relations among the generators of .j in degrees 5 21. _ - 
Thus one can compute e(SIJ) = A(S/J) (where X denotes length), simply knowing 
the degrees of the generators of j: 
11-l - - 
h(SIJ) = c h((S/J),) 
,_=c 
However, as shown in 116, 5.81, for any integer k ~0, s 2 1, E E (0, l}, 
Thus, for k = 1 and F = 1, we obtain 
/1($/J) = (” +; - ‘) _ ‘i (” ‘,“, ‘) 
II -0 
Case 2: j odd. Now define I= m + 1 - (j - 1)/2, but keep the remaining 
notation of the first case. From [17, Theorem 7.31 we know that F, = 
@fl;,s(-& p”’ and Fk = S(-21- k + 2)“A for 2 5 k 5 s. Thus 
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Now using (1) with k = I- 1 and F = 0, we conclude that 
We now continue Example 3.6 by computing the multiplicity of the blow-up 
rings. By Theorem 1.4 and Proposition 3.7, 
= 1 + m + 2 e(R/Z,,) 
I=3 
= 1 + m + ‘lg’ ( jyl ) _ ‘y ’ “2’ ( 2y_-22i) 
1=3 1-I 
i,+~+~‘~i(j21,;)-l_2m_“~‘~‘~‘(2~~22i)+m_~ 
]‘I 1-I /=3 
,>, 1 ,,I - I 
zz 2 ?,,I _ C 2+71 _ I = 4,,, _ c 4h 
,=I h =o 
= f( 1 + p-‘) 
The above formula could have been also shown by using induction on m 2 1 and 
linkage theory (cf. Example 3.5): If m = 1, then e(R[Zr]) = 3 (Example 3.1). For 
m 2 2 the defining ideal of R[lt] = R[Z,,,t] can be linked to the defining ideal of 
R[ I,,, ~, t] in two steps by using a regular sequence consisting of 2m quadrics and a 
regular sequence consisting of one linear form and 2m - 1 quadrics ([14, proof of 
Proposition 5.01 or [15]). This implies that e(R[I,,,t]) - e(R[Z,,,_,t]) = 2”“~‘. 
Finally, once e(R[lt]) is computed, we can use the remark from the end of 
Section 2 to conclude that 
297 Blow-up rings of ideals generated by d-sequences 
e(gr,(R)) = f(2 + m - 22m+’ + m22m+‘) , 
and for m 2 2 
e(R[Zt, tC’]> = f(4 + 22’n+1). 
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